Abstract. Let X be a convex domain in C n and let E be a convex subset of X. The relative extremal function u E;X for E in X is the supremum of the class of plurisubharmonic functions v 0 on X with v ?1 on E. We show that if E is either open or compact, then the sublevel sets of u E;X are convex. The proof uses the theory of envelopes of disc functionals and a new result on Blaschke products.
Introduction
If X is a complex manifold and E is a subset of X, then the relative extremal function for E in X is de ned as u E;X = supfv 2 PSH(X) ; v ? E g; where PSH(X) denotes the class of plurisubharmonic functions on X and E is the characteristic function of E, i.e., E = 1 on E and E = 0 on X n E. The main result of this paper is the following theorem. Theorem 1. Let X be a convex domain in C n and let E be a convex subset of X. If E is either open or compact, then the sublevel sets f 2 X ; u E;X ( ) < g of the relative extremal function for E in X are convex for all 2 ?1;0].
Convexity of sublevel sets of various extremal functions has been studied by several authors. If X is a domain in C and E X is compact, then u E;X is harmonic in X n E, and satis es the boundary conditions u E;X = 0 on @X and u E;X = ?1 on @E. The convexity of the level sets of the solution of the boundary value problem u = 0 on X n E, u = 0 on @X, and u = ?1 on @E, where X is a bounded convex domain in R n and E is a compact convex subset of X, has been proved by several authors. See
Papadimitrakis 1992], Rosay and Rudin 1989] , and the references therein.
The pluricomplex Green function G of a domain X in C n with a pole at p in X is the supremum of the class of negative plurisubharmonic functions v on X such that v ? log j ?pj is bounded above near p. If X is bounded and convex, then the sublevel sets of G are convex. See Momm 1994] .
The pluricomplex Green function of a subset E of C n with a logarithmic pole at in nity is de ned by the formula V E = supfv 2 L; v 0 on Eg, where L denotes the set of plurisubharmonic functions v on C n such that v ? log + j j is bounded above.
Lempert has proved that the sublevel sets of V E are convex if E is convex, compact, and non-pluripolar. See Momm 1996] .
The proof of Theorem 1 is based on the theory of envelopes of disc functionals, which we will discuss in Section 2, and the following result on Blaschke products, which is of independent interest and will be proved in Section 3.
Theorem 2. Let S 1 and S 2 be Borel subsets of the unit circle with (S 1 ); (S 2 ) > .
Then there are Blaschke products ' 1 and ' 2 preserving the origin, with ( ' ?1
Here, denotes the arc length measure on the unit circle T. Also, for a bounded holomorphic function ' on the unit disc D in C , we denote by ' the Borel measurable function on T whose value at almost every x 2 T is the non-tangential limit of ' at x.
Roughly speaking, Theorem 2 states that two Borel sets of equal length on T can almost be expressed as the images of a single Borel set on T by two Blaschke products preserving the origin.
The preprint Edigarian and Poletsky 1997] , which came to our attention after we completed this paper, essentially contains a proof of Theorem 2, very similar to ours.
After this paper was submitted for publication, we received a preprint from J. Duval, entitled Sur la fonction extr emale plurisousharmonique relative a deux convexes, containing a di erent proof of Theorem 1.
Extremal functions as envelopes of disc functionals
Let X be a domain in C n . An analytic disc in X is a holomorphic map f : D ! X. We say that f is closed if f can be extended to a holomorphic map on some neighbourhood of the closure D of D with values in X, and we say that f is bounded if f(D ) is relatively compact in X. We let A X denote the set of all closed analytic discs in X and B X denote the the set of all bounded analytic discs in X. Clearly, A X B X .
If f 2 B X , then f has a non-tangential limit at almost every point in T, and the limits de ne a Borel measurable function f : T ! X. If f 2 A X , then f = gjT, where g is a holomorphic extension of f to some neighbourhood of D .
For every upper semi-continuous function ' : X ! R f?1g we de ne the disc functional H ' : B X ! R f?1g by the formula
If v 2 PSH(X), v ', f 2 B X , and f(0) = , then for r 2 (0; 1), '(0) = 0, and S is a Borel set in T, then ( ' ?1 (S)) = (S). In other words, ' = .
For an L 1 function g on T, we let H g] denote the bounded harmonic function on D with non-tangential limit g(x) at almost every x 2 T.
First we consider the case when S is an arc. Suppose ' has a non-tangential limit in T at x 2 T, and let z n ! x non-tangentially in D . Then '(z n ) ! '(x) 2 T. If '(x) is not an end point of S, then S is continuous at '(x), so (H S ] ')(z n ) ! S ( '(x)) = ' ?1 (S) (x):
Now ' cannot be constant on a set of non-zero measure, so the preimage under ' of the end points of S is a nullset. Therefore, the bounded harmonic function H S ] ' has non-tangential limit ' ?1 (S) (x) at almost every x 2 T, so H S ] ' = H ' ?1 (S) ]. where the supremum is taken over compact subsets K of S, and the in mum is taken over open supersets U of S.
